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In this article, we give an easily accessible introduction to a recently proposed conjecture, the

Quantum Focussing conjecture (QFC) [1]. At the end of this article, we turn to the special case, 2

dimensinal spacetime, and give some non-trivial check of the claim.

1 Definition and proposal

We consider a “normal” spacetime without singularity (in more precise terminology, globally hep-

erbolic spacetime) and take a timeslice Σ (Cauchy surface) of it. We further take a codimension

two surface σ which bifurcates the timeslice Σ. We arbitarily choose one side of Σ for σ to be the

outside of σ, denoted as Σout.

We consider a system with classical gravity coupled to a quantum matter system. We only

focus on the region where loop expansion of the matter system is allowed and no gravitational back

reaction from the quantum correction needs to be taken into account. Taking the unit system with

~ = c = 1, this naively means the coupling constant of the matter system must be very small,

gi � 1, and giG � µ−2 where µ is the typical energy scale. Let us call this description picture I.

We can also adopt a more familiar unit system for us, with a typical length scale l, for example

with the scale related to the curvature of the spacetime, 1/
√
R, and the energy scale of the classical

solution, E, together with c ≡ 1. This description will be denoted as picture II. All phenomena

should be described equivalently in these two ways, and we will trace the translation between them

in this article. When the classical solution of the spacetime is completely flat (vacuum solution),

we have to introduce a length and an energy scale into the system associated with the observer. In

any case, we expect that ~� E · l and
√
G~� l2.

Under this kind of setting, we consider a state with density matrix ρ for the matter system, and

define the partially traced density matrix ρout := trΣ\Σoutρ for the matter subsystem on Σout. The

generalized entropy is then defined for the surface σ as

SGE :=
A

4G~
− trρout log ρout, (1)

where A is the area of σ. The second term is usually referred to as the von Neumann entropy or

the entanglement entropy.

The QFC is proposed with respect to the variation of σ in its null direction. There are again

four arbitrary choices of this direction. The conjecture is believed to hold independently of this
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Figure 1: Coordinate system used around σ.

choice. For convenience, we introduce a coordinate system for the null hypersurface, denoted as

N (see Figure 1). First we use the affine parameter λ to label to null direction we chose so that

λ = 0 corresponds to the surface σ. We further introduce a y direction which parameterizes σ

when λ = 0. An arbitrary surface on the null hypersurface can be written as λ = V (y) with

some function V (y) of y. The variation of the surface can thus be written as λ = V (y) + δV (y).

A useful variation is a local one, δV (y) = εδy,y1 , which can be viewed as a δA → 0 limit case

of δV (y) = ε (θ(y − y1 + δA/2)− θ(y − y1 − δA/2)). We are rather writing things in a 2d null

sheet manner, but the generalization to arbitrary dimension is straightforward. The variation of a

quantity with respect to the surface at y1 is denoted as

δ

δy1

q := lim
ε→0

q(V (y) + εδy,y1)− q(V (y))

ε
. (2)

For the definition of quantum expansion which we are about to introduce, we need the variation

with δA kept finite at first and taken into zero at the end.

Θ(y, σ) := lim
δA→0

lim
ε→0

4G~
δA

SGE (σ + ε (θ(y − y1 + δA/2)− θ(y − y1 − δA/2)))− SGE(σ)

ε

=
4G~√
g(y)

δSGE
δy

, (3)

where
√
g(y) is the area element of σ at the point y. Now we are ready to present the Quantum

Focussing Conjecture, which holds for arbitrary two points y1 and y2 on σ,

δ

δy2

Θ(y1, σ) ≤ 0. (4)

2 Classical Focussing Theorem

In this section, we consider the previous proposal in the classical limit. In picture I, we naively expect

that all loop corrections drop out and all contributions come from the tree level. However, clearly
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this is against our another intuition that in the classical limit no entanglement entropy left. Even

for a free theory, which exaclty has no loop corrections, the entanglement entropy S = −trρ log ρ

does not vanish for the vacuum state. This kind of classical limit is not what we want. In picture

II, the second term, entanglement entropy, can be neglected when ~ → 0. Here we note that it is

conjectured that after renormalization, the divergence in the gravitational term A
4G~ cancels that

in the entanglement entropy. The explicit prescription can be found in the appendix of [1] and an

explicit check was also performed in 4d with no higher spin d.o.f.’s. With this fact, we can indeed

expect that the renormalized entanglement entropy is of O(1) with respect to ~. To achieve the

same result in picture I, we can take a coupling-less limit gi → 0 together with G→ 0 by neglecting

the Planck scale. We have to admit that none of these operations truely kill the entanglement

entropy of the vacuum state in the classical limit.

Anyway, in the classical limit, we ignore the entanglement entropy term and the quantum

expansion collides with the classical expansion,

Θ(y, σ)→ lim
δA→0

1

δA

dδA

dλ
=: θ(y). (5)

Therefore, when y1 6= y2, the variation δ
δy2

Θ(y1, σ) goes to zero and the QFC is trivial. When

y1 = y2, the QFC can be rewritten to

d

dλ
θ ≤ 0. (6)

This equation is just what implied by the classical focussing theorem. This theorem is proved by

the Raychaudhuri equation

dθ

dλ
= − 1

D − 2
θ2 − σabσab −Rabk

akb, (7)

where D is the spacetime dimension and σ is the shear, together with the null energy condition

〈Tab〉kakb ≥ 0 and the Einstein equation. We see that in the classical limit, the QFC naturally

holds.

The QFC also implies a version of the Quantum Bousso bound [2] which is a generalization of

the classical Bousso bound [3], altough this quantum Bousso bound is a slightly different one from

the one proved by Bousso, Casini, Fisher and Maldacena [4].

3 Proof of the off-diagonal case

The proof of the off-diagonal case of the QFC is straightforward. Here with off-diagonal we mean

that y1 6= y2. In the classical limit, the statement is trivial, since the variation of the surface at

a different point does not change the value of the local expansion θ, and thus δθ(y1)
δy2

= 0. For

the same reason, the contribution from the surface term to the inequality always vanishes. The
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Figure 2: Unitary transformation does not change the entanglement entropy.

Figure 3: The setting for different regions on the null hypersurface N .

entanglement entropy part can be mapped to that quantity on the null hypersurface N as the

unitary time evolution does not change the entanglement entropy. Then the variation at different

points y1, and y2 can be written as the difference between entanglement entropies with respect to

different subregions (see Figure 3).

The quantity on the l.h.s. of the QFC is then proportional to

SEE(A)− SEE(A+ C)− SEE(A+B) + SEE(A+B + C), (8)

with positive coefficient. The above quantity is always negative following from the strong subadda-

tivity. Therefore we see that the QFC for the off-diagonal case is proved.

4 The diagonal case and the quantum null energy condition

At the first sight, the diagonal case can be processed in the same way as the off-diagonal case. The

surface term again gives negative contribution due to the classical focussing theorem if the null

energy condition holds. However, the null energy condition generally does not hold in a quantum

theory, and also the strategy we applied to prove the negativity of the entanglement entropy part

fails here, because region B and C degenerate. In this case, the entanglement entropy contribution
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is proportional to (see Figure 4)

SEE(A)− 2SEE(A+ C) + SEE(A+B + C), (9)

which is not ensured to be negative according to the strong subaddativity. We can still rewrite the

above quantity to

(negativecontribution) + SEE(A+B)− SEE(A+ C). (10)

Apparently the last two terms do not cancel with each other generally, because the manifolds have

different topologies. Let us give a rough discussion about them here. We introduce an IR cutoff so

that the area of both A + B and A + C is πR2. We map A + C to a disk with radius R through

some possible conformal transformation and map A + B to an annulus with the same area. The

disk inside the annulus should have the same area as C, as we do not want to change the scale of

the UV cutoff. Then we get the inner radius R1 and the outter radius R2 respectively

R1 =
√
εδA/π, R2 =

√
R2 + εδA/π. (11)

According to [5], the entanglement entropy for an annulus in three dimensions in general takes the

form

SEE(A;R1, R2) = α
2π(R1 +R2)

εUV
− f(R1/R2), (12)

where α is a constant depending on the theory, εUV is the UV cutoff, and f(R1/R2) = F−f1R1/R2+

f2R
2
1/R

2
2 + . . . with positive coefficients f1 and f2. We have

SEE(A+B)− SEE(A+ C) = 2α

√
πεδA

εUV
+ f1

√
εδA

πR2
+O(ε). (13)

We see that this difference is always positive (even after a naive renormalization)1, which makes

the whole entanglement contribution have no definite sign.

To go further, we write the quantum expansion as

Θ(y, σ) = θ(y) +
4G~√
g(y)

S ′EE, (14)

where the prime here denotes the variation of σ at y. For the diagonal component, we just take one

more time of the variation and get

Θ′ = θ′ +
4G~√
g(y)

(S ′′EE − S ′EEθ). (15)

1As the leading contribution is of order
√
εδA, which is divergent in both the ε → 0 and δA → 0 limit, this

argument is in fact a little subtle.
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Figure 4: The setting for different regions on the null hypersurface N for the diagonal case.

In the above expression, we have used the fact that the area element before taking the limit equals

to δA and θ = limδA→0
δA′

δA
. Using the Raychaudhuri equation, we obtain

Θ′ = − 1

D − 2
θ2 − σabσab −Rabk

akb +
4G~√
g(y)

(S ′′EE − S ′EEθ)

= − 1

D − 2
θ2 − σabσab − 8πG〈Tab〉kakb +

4G~√
g(y)

(S ′′EE − S ′EEθ). (16)

As usual, we argue that the negative bound is tightest when θ = σab = 0. At this point, what we

want to prove is for a quantum theory coupled to the Einstein gravity,

〈Tab(y)〉kakb ≥ ~
2π
√
g(y)

S ′′EE. (17)

The r.h.s. is of order O(~) as long as no very odd thing happening2. Again in the above inequality,

the r.h.s. is of O(~), and if the l.h.s. does not vanish at the classical level, as the classical vev is

expected to obey the null energy condition for a reasonable physical system, the inequality becomes

trivial. Thus it is sufficient to prove that for the classical vacuum, the above inequality holds and we

can show the QFC in the diagonal case. This inequality is called the quantum null energy condition

in the literature3.

For the true vacuum state of the quantum matter system, the only possible combination is for

example 〈Tab〉kakb ∝ gabk
akb = 0 for the massless case. It is generally reasonable to expect that the

stress tensor for the vacuum state has vanishing divergent part. This implies that for the vacuum

state, we wish that the following bound can be established.

S ′′EE ≤ 0. (18)

2In the usual path integral prescription for the Rényi entropy, we see no ~ dependence appearing in the final

result, or at least the leading order is O(1).
3It was conjectured in [1] that in the 2d spacetime, a stronger condition holds: 〈Tkk〉 ≥ ~

2π

(
S′′
EE + 6

c (S′
EE)2

)
for

the flat spacetime with conformal symmetry. This conjecture comes from the fact that the r.h.s. transforms as a

primary quantity under the conformal transformation[6] and we can always go to a frame where S′
EE = 0.
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5 More discussion for the 2d case

In the Raychaudhuri equation, there is a factor 1
D−2

coming from the dimension of the hypersurface

perpendicular to a null direction. However, in 2 dimensions, this hypersurface degenerates to one

point and we need to derive the equation in a different way.

As in the derivation of the Raychaudhuri equation in higher dimensions, we define

Bab = ∇bka, (19)

where ka is a null tangent field associated with a congruence of null geodesics. From k2 = 0 and the

fact the tangent vector flows parallelly along the geodesics, we have the property kaBab = Babk
b = 0.

We can take the basis {ka, `a} of the 2d spacetime, with k2 = `2 = 0 and k · ` = 1. Therefore,

locally we can expand Bab as

Bab = θkakb, (20)

and we always have

kc∇cBab = −Bc
bBac +Rcba

dkckd. (21)

Combining all the clues we have,

dθ

dτ
= −Racbd`

a`bkckd. (22)

In two dimensions, we have a special relation between the Ricci scalar and the Riemann tensor.

Racbd =
1

2
(gabgcd − gadgbc)R. (23)

Hence

dθ

dτ
=

1

2
R. (24)

R in 2d is associated with the topological information, i.e. rotating to the Euclidean sign,

χ =

∫
d2x
√
−gR, (25)

is the Euler characteristic. This quantity is nonpositive for most spacetimes but still we may

encounter positive situation. A more serious problem is that θ here cannot be interpreted as the

expansion rate as usual, and there is no well-defined concept of the surface area in 2d.

These considerations push us to turn to some different gravitational theory in 2d rather than

the Einstein-Hilbert one.
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6 Dilaton gavity in 2d

The dilaton gravity can be used to save the above situation. One of the motivations to consider

this theory is to introduce an area-like quantity in the 2d gravity. It was originally obtained from

the 4d Einstein gravity with spherical symmetry reduced in the polar coordinates.

The general form of the action is

S =

∫
d2x
√
−g
(

1

2
XR +

1

2
U(X)(∇X)2 + V (X) + Lmatter(X,Φ)

)
, (26)

where U(X) is some function to be specified and Φ represents other matter fields than the dilaton

X. The vev of X is the 2d analogy of the surface area. Therefore in the ~ = 1 unit system, we have

SGE =
〈X〉
4G

+ SEE. (27)

The classical expansion is given by θ = X ′/X, and for U(X) = 1/X, the theory is equivalently

to the spherically induced 4d Einstein-Hilbert gravity, in which the following equation holds,

θ′ = −1

2
θ2 − 8πGTabk

akb. (28)

We note that in the more general case, the expected combination to appear is
(
U(X)
X

)1/2

X ′, and

thus a naive guess leads to

θ′U ≤ −8πGTabk
akb, (29)

where θU :=
(
U(X)
X

)1/2

X ′. This factor suggests that we may get an additional factor before the

term S ′′EE. This additional factor should be a function of
√
g(y) and in the flat spacetime, it goes

to 1. Thus it is justified to chcek the inequality

〈Tab(y)〉kakb ≥ ~
2π
S ′′EE. (30)

We will perform this kind of check in the next section.

7 Check of the quantum null energy condition (QNEC) in

2d CFT

In 2d, things get greatly simplified. σ in 2d will be a finite set of points and the variation of σ will

be just moving one point in the set along one of the null directions. If we know how to evaluate

the entanglement entropy for an interval lying along the spatial direction, we can pull the variated
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Figure 5: We take the spatial length of the variation interval to be the affine parameter and then

the invariant length of the variated interval reads
√
L2 + 2εL.

interval back to the spatial axis with a Lorentz boost. This strategy can only be applied for a single

interval separation, when σ is unconnected, this boost transformation will shift the other intervals

away from the spatial axis and make it hard to evaluate the entanglement entropy unless the whole

entanglement entropy can be written as a sum of that of each interval. We focus on the case where

σ is only a single interval here.

Say, the entanglement entropy for an interval with length L is given by

SEE(L) = G(L), (31)

from Figure 5, we see that the invariant length of the variated interval is
√
L2 + 2εL, therefore, up

to a constant factor due to the different choice of the affine parameter, we have

S ′EE(L) = G′(L), S ′′EE(L) = G′′(L)− 1

L
G′(L). (32)

The primary combination proposed in [6] is given by

S ′′EE +
6

c
(S ′EE)2 = G′′(L)− 1

L
G′(L) +

6

c
G′(L)2. (33)

In a unitary theory, c > 0 and thus the last term is always non-negative. In what follows, we check

in various systems G′′(L)− 1
L
G′(L) is non-positive for the vacuum state.

In a conformal field theory, we know the universal behavior of the entanglement entropy

SEE =
c

6
log

L

εUV
, (34)

from which we have

G′(L) =
c

6

1

L
, G′′(L) = − c

6

1

L2
. (35)

Apparently S ′′EE ≤ 0 for a conformal system. Even including 6
c
(S ′EE)2, the primary combination is

also non-positive for the vacuum state. 4

4We note that the quantities on the two sides of an inequality should transform in the same way, so the proposal

to replace S′′
EE with a primary quantity seems irreasonable as Tkk transforms anomalously. A speculation from the

above computation is that the correct conjecture should be 〈Tkk〉 ≥ ~
2π

(
S′′
EE + 12

c (S′
EE)2

)
.
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